This paper outlines an agent-based model of a simple financial market in which a single asset is available for trade by three different types of traders. The model was first introduced in
Introduction
This paper outlines the construction of an Agent-Based Model (ABM). The motivation for this new model is to add to the understanding of the reasons for some of the stylised facts of financial data. It is built in the same vein as the minimal model by Alfi et al [2] . The goal is to reproduce the key features of financial data with an even simpler model. Although Alfi et al claim that their model is "minimal", new models can continue to add to our understanding of the features of financial data.
The stylised facts discussed in this paper are those of leptokurtic log returns, volatility clustering and aggregational Gaussianity. We feel that these are the most distinctive features of log returns and they are the ones we are interested in explaining. We achieve further understanding of the origins of these features by means of the ABM presented here.
Building the model
Where some models may investigate the effect of market microstructure on the price or log return process, the ABM presented in this paper is chiefly focused on trader behaviour and its effect on the qualitative form of the log returns. It is concerned with the stylised facts of financial data and the explanation of them from a trader-behaviour perspective. We do not at-tempt to create a complete realistic market microstructure. The agents in the model are built in a way that attempts to capture essential features in an extremely simplified fashion.
In this model, as in the minimal model by Alfi et al [2] and in the Lux and Marchesi model [3] , there is just one asset available for trade. Each trader may only buy or sell one unit of the asset at a time and trading takes place at discrete points in time. At each time step each trader might buy, sell, or stay inactive. The price is calculated from these trade decisions and all trades are executed at this price. The agents do not learn or adapt their strategies during the simulation.
The price update mechanism is multiplicative. After agents express their trade decision the excess demand D t is calculated. D t is defined as the number of buyers minus the number of sellers at time t; D t = N buy,t − N sell,t .
Following other models [4, 5, 2, 6 ] the price S t at time t is then generated as a function of the excess demand D t as follows
where m is a parameter limiting the largest proportional change in the price in one iteration of the model and N is the total number of traders which is fixed for the entire simulation. The parameter m measures the impact of trading on the price. Dt /N is the proportion of traders with the majority opinion (−1 ≤ Dt /N ≤ 1). Therefore m controls how much influence this majority has on the price. When m < 0 the price moves in the opposite direction to that indicated by the demand of the agents. When m = 0 the price is static. When m > 1 negative prices would occur when all traders want to sell ( Dt /N = −1). Hence we restrict the parameter m to 0 < m < 1.
It is assumed that all traders have infinite wealth and so can always afford to buy shares. They are also given enough shares so that they always have the option to sell. It is the trade demand rather than the executed trades which influences the price process.
In the following sections we describe the trading rules of the different types of traders in the model. The model has three different types of traders operating in the market. These are noise traders who decide randomly whether to buy or sell with probability based on a certain memory of past price changes; technical traders who analyse historical prices to inform their trades, and fundamental traders who know the "fundamental value" of the stock and trade accordingly. There are N 1 noise traders with a knowledge of just the most recent price change, N 5 with a memory of the last 5 price changes and N 21 with a memory of the last 21 price changes (think of these as day, week and month traders). There are N T technical traders and N F fundamental traders. There are a total of N = N 1 + N 5 + N 21 + N T + N F agents in the model.
Whether it is realistic to classify all traders as belonging to one of some set of predefined types may seem unlikely due to our experience of a very heterogeneous world. However, a paper by Tumminello et al. [7] goes some way to justify this classification by their finding that traders do tend to form discrete clusters which perform trades synchronised in both direction and time.
Noise Traders
Noise traders base their trading decisions only on the current state of the market and not do not take into account any historical prices. At every iteration of the model each agent must make two decisions. Firstly, each agent decides whether or not to get involved in trading. Allowing agents to be inactive has been found to be crucial to the presence of the stylised facts [6, 8, 9, 10] . For example in the model of Alfi et al [2] , in an attempt to explain the selforganisation of markets into the intermittent state which produces stylised facts, agents only trade if their personal price signal is greater than a minimum threshold.
We incorporate this concept in our model. The number of agents who are actively trading changes in response to the history of the proportional price change R t , where
Agents can have various memory lengths by applying an exponential moving average (EMA) of previous proportional price changes of varying length n:
The weight w(n) = 2 n+1 where n > 0 is the integer number of trading periods they remember. Traders who base their decisions on different memory lengths of historical prices are thought to be responsible for some of the stylised facts of empirical log returns [11] . We include this feature by allowing the memory length n to take on a variety of values for different agents.
The value R t,n is then used by agents to decide if they will trade or not in the current trading period according to the function Ω t = Ω(R t,n ) where Ω t is the proportion of agents that will trade after observing R t,n ,
a, b and d are constant parameters which will be discussed below. The number of agents with memory length n that trade at time t is [N n Ω(R t,n )] where N n is the total number of traders with memory n and [·] denotes the nearest integer function. This new equation 1 plays a fundamental role in our model. See the discussion below and in particular Section 3.1. Thus in this model it is a collective decision about the proportion of traders who trade rather than a personal decision by each trader based on a personal idiosyncratic signal. R t,n close to zero will lead to the minimum number of permitted active traders submitting a trade request while R t,n far from zero will lead to Ω t = 1 and all traders will attempt to trade. Figure 1 shows a graph of this function for two different parameter selections.
The number of noise agents active in the model is therefore dynamic but is bounded above by the total number of traders N n and below by for the parameter values used in this paper. The parameter d, 0 < d < 1, controls the minimum proportion of agents who are active at any time. Since the number of active noise traders is rounded to the nearest whole number it may be 0 if d is small. The steepness of the function is controlled by a. For high values of a the transition between Ω t being at a minimum and a maximum is sharp in R t,n , so the number of active traders is usually at one of these extremes. For lower a there is more scope for variations in the number of active traders.
The parameter b controls the width of the interval of values of R t,n for which the minimum number of agents are active. The width of this range grows with b.
The second decision that the active agents must make is whether to buy or sell. Only one share can be traded by each agent at each time step. The decision to buy or sell is made randomly according to a probability distribution P t which is based on the previous period's proportional price change R t,n . It is the same for each noise trader with memory n.
where u controls the steepness of the function P t . P t is shown in Figure 2 for various values of the parameter u.
The parameter u can be interpreted as a "herding strength" parameter. When u is small, P t is quite flat. This means that the probability of buying will be at its extremes 0 and 1 for only very extreme R t,n . This allows for heterogeneity among the noise traders when making their trading choices, so the herding strength is low. When u is large P t is steep and so it reaches its extremes of 0 and 1 for more modest R t,n . This means that there is more agreement in the market, or that there is strong herding among the noise traders. This causes high volatility as everyone is trading in the same direction which leads to large jumps in the price. If u = 0, P t = 1 /2 for all values of R t,n which is equivalent to the noise traders choosing the direction of their trades by simply tossing a coin. In order to produce dynamics which are dependent on the price moves we set u > 0. (Having u < 0 leads to the counterintuitive situation where noise traders are more likely to buy after observing a negative price move than a positive one. This would amount to having contrarian traders. This concept has been explored elsewhere [12, 13] .)
These noise traders alone are not expected to cause volatility clustering in the log returns which result from their trades. They will instead cause clustering in the direction of trade since a positive price change increases the probability of buying which leads to another positive price change.
Following standard practice in many other agent-based models [14, 3, 2] , new types of traders are introduced to the model. These are technical traders and fundamental traders. Technical traders, or chartists, analyse the price history looking for trends while fundamental traders are more concerned with the fundamental profit-generating potential of the company in which they are investing [15, chapter 2].
Technical traders
Technical traders or chartists inform their trading choices by indicators from past prices such as moving averages. They use these indicators or signals to attempt to predict future price moves. For example on a price chart, if the moving average of the price crosses over the price it shows that there has been a change in the trend. Technical traders use signals like this as a basis for their trading decisions.
The chartists in the model by Lux and Marchesi [3] are divided into optimists and pessimists. The optimists always buy and the pessimists always sell. They do not analyse historical prices at all. In the Minimal Model by Alfi et al [2] the chartists use a basic moving average of historical prices compared to the current price to identify trends.
The technical traders in this model use a slightly more involved technical analysis of trends in the price in order to make their decisions as this was found to lead to more realistic results. They calculate the Moving Average Convergence Divergence (MACD). Although the aim of this model is to be as simple as possible, the rationale for using this more complicated technique lies in its realism. It also leads to richer dynamics in the results as the traders have a fuller picture of price trends than that afforded by the basic moving average. Unlike the original noise traders, the technical traders' trading decisions are completely deterministic given the price history.
The MACD technique first involves taking two EMAs of the price, A and B, of different lengths l A and l B . Then find the difference M t between these two moving averages. This difference is called the MACD. Next calculate an EMA of the MACD, s t , of length l > 0. These steps are described by the following equations:
The weight w depends on the length; w(l) = 2 l+1 . A comparison between the MACD M t and its EMA s t indicates trends in the price. M t > s t indicates that the price is on an upward trend and the technical traders will respond by buying the stock. M t < s t shows that the price is on a downward trend and the technical traders will respond to this signal by selling. The technical traders therefore amplify the price trends they detect.
This leads to the excess demand by the technical traders:
where N T is the total number of technical traders and sgn(x) is the sign function given by
There is a problem with having technical traders in the model. The amplification of trends leads the price to either grow to infinity or drop toward zero very quickly. All traders also have unlimited buying power and so extremely large prices are a common occurrence. The price can also drop to extremely small values.
Another type of trader is necessary to keep the market reasonably stable. Fundamental traders will fill this role.
Fundamental traders
In order to have fundamental traders in the model, there must first of all be a defined "fundamental value" for the traded asset. In a real trading environment, the fundamental value of a stock can be estimated as the current value of expected future dividend payments. This sort of calculation clearly cannot be performed within this model. Other models which have fundamental traders often set the fundamental value to some constant level for the duration of the simulation [3, 2] . Allowing the fundamental value to vary or giving fundamental traders heterogeneous beliefs may allow for more interesting dynamics [16, 17] .
In this model all the fundamental traders agree with each other on what the fundamental value f is at any moment. f is set to follow a random walk:
µ f and σ f are the mean and variance of f , and t is a random number taken from a standard normal distribution. The fundamental traders know the fundamental value of the asset. At time t, they compare the price S t to f t and decide if the asset represents good value. They will buy if the price is below the fundamental value and sell if it is above. Their trading strategy pulls the price back towards the fundamental value. They have the opposite effect on prices to the technical traders and help to stabilise the market. Like the technical traders their decisions are deterministic once f t is known and S t is revealed. All of the fundamental traders trade in the same direction.
The demand of the fundamental traders at time t is therefore given by
where N F is the total number of fundamental traders in the model.
Results
In this section the log returns generated by the ABM will be tested for the stylised facts of empirical log returns. The stylised facts which have been found to be present in the synthetic log return time series include leptokurtosis, volatility clustering and aggregational Gaussianity. These features are discussed below. given in Table 1 . The parameters used in the model are shown in Table 2 .
Leptokurtic Distribution of Log Returns
The log returns Z produced by the model have been found to be consistently leptokurtically distributed independent to the presence of technical and fundamental traders. See examples in Figure 4 . In each case the log returns produced had a leptokurtic shape and the Shapiro-Francia test 1 rejected normality at a significance level of 0.1%. The essential feature of the ABM which produces this stylised fact is the function Ω, defined in equation 1. active noise traders at a constant level results in log returns which are well described by a Gaussian distribution. This is the case even when technical and fundamental traders, who are independent of Ω, are also present in the ABM.
The function Ω, defined in Equation 1, mimics realistic trading patterns. In real trading if there is a large price move, perhaps as a result of some news arriving to the market, traders who are normally not very active may be motivated to review their portfolio and make some trades. This leads to more log returns close to zero when these more casual investors are not trading and extreme log returns when everybody wants to trade because they have seen a large price move.
This finding is consistent with other studies which have related the leptokutric distribution of log returns to the varying rate of trading [19, 20, 21, 22, 23, 24] . High volatility is related to periods of high trading volume. Since within the ABM each trader can only trade one share at a time, the number of active traders [ΩN N ]+ N T + N F is a proxy for volume.
Volatility Clustering
Volatility clustering occurs in the log returns only when technical and fundamental traders are added to the market. Clusters can be identified by eye in Figure 4 . Examples of the autocorrelation function (ACF) are shown in Figure 5 . The magnitudes of log returns generated by Trader Sets A and B are long-term correlated. A slow decay in the ACF of absolute values of log returns is a
0.4 5 4000 0.02 0.05 12 26 9 3 · 10 −4 0.025 Table 2 : The parameters used for the ABM signature of the volatility clustering that can be seen in Figure 4 . The ACF of empirical absolute log returns decays roughly as a power law [14, 6] . Figure 6 shows the decay of the autocorrelation for data generated by Trader Sets A and B along with pure power laws for two different set ups of the ABM on doubly logarithmic scales. In both cases a power law provides a reasonable fit, comparable if not better than the fit to empirical data. See for example Figure 6 in ref. [14] . 
Aggregational Gaussianity
Another recognised feature of financial data is that as the time lag is increased the distribution of the log returns begins to more closely resemble a Gaussian [25, 11, 26] . Specifically at long time scales, such as annual log returns, the empirical distribution is reasonably fitted by a Gaussian.
Let Z t,∆ = log(S t+∆ )−log(S t ). So far the log returns of successive prices (∆ = 1) generated by the ABM have been examined. In order to look for a scale-dependent distribution log returns at different time scales ∆ must be found. If ∆ is allowed to increase the shape of the distribution does indeed change, as is shown in Figure 7 . The leptokurtic distribution begins to break down for large ∆. At ∆ = 10, 000 there is a reasonable fit to a Gaussian distribution within 3σ of the mean, but beyond this the tails are much too fat to be explained by a Gaussian. However at ∆ = 100, 000 all values of Z t,∆ fall roughly on the Gaussian distribution. The results are shown on a semi-log scale to allow for greater visibility of the tails.
The reason for the aggregational Gaussianity lies with the fundamental value f . The log returns of f have a normal distribution due to its dependence on the Gaussian random number t , see equation 3. At large ∆ large events become rare and the consistent Gaussian influence of f on the fundamental traders dominates Z t,∆ . At large lags any short term trends instigated by technical traders are not felt and the shape of the distribution is influenced principally by the fundamental traders.
To confirm that this is the reason for the aggregational Gaussianity, the same analysis was carried out on log returns generated by the ABM with f set to a constant value for the entire simulation. Figure 8 shows the result. Even at large ∆ there is no agreement with a Gaussian distribution in this case. This is because there is no Gaussian influence on any traders and the log returns retain their fat tails. These results are similar to those found by Alfi et al in the analysis of their model [16] . Δ = 100 Δ = 500 Δ = 1,000 Δ = 10,000 Δ = 100,000 Standard Normal probability density log returns 
Conclusion
In this paper a new ABM has been developed. The motivation behind this new ABM was to find a very simple model which can reproduce some of the key stylised facts of empirical financial time series. This enriches the understanding of the origin of the stylised facts in empirical data. This ABM focuses on trader behaviour rather than market microstructure.
As is the case with many ABMs useful results are only obtained from this model in a limited area of the parameter space [14, 27] . Leptokurtic log returns are generated by the noise traders in the ABM. It has been shown that the varying number of active traders is the source of this feature in the results. This mimics the behaviour of real traders and offers an explanation for the leptokurtosis of empirical log returns.
Volatility clusters come from having some memory in the noise traders along with technical traders who analyse historical prices looking for patterns. Technical traders bring memory to the system as they detect trends and amplify them. Neither the technical traders alone nor the memory of noise traders alone is enough to produce this feature. Both of these are necessary. The presence of technical traders necessitates the presence of fundamental traders to keep the price reasonably stable. It is also the fundamental traders who trigger the bursts of high volatility. Three essential ingredients have thus been identified for this model to produce this stylised fact of financial data. They are the memory of the noise traders, the inclusion of technical traders who trade in line with trends in the price and the inclusion of fundamental traders who trade according to the "fundamental value" of the stock.
Transition of the distribution of the log returns to a Gaussian has also been identified as a statistical property of the log returns generated by the ABM. This is caused by the fundamental value and indicates that many real traders may also be under the influence of a GBM process.
We have shown that some of the most dis-tinctive stylised facts of financial data have been produced by this model with just a few simple elements. This contributes to our understanding of the processes behind some of the main features of empirical data, in particular the leptokurtic distribution, volatility clustering and aggregational Gaussianity.
